Transverse Momentum Distribution of Atoms in an Interferometer
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From the stationary solution of Schridinger’s equation in an interferometer we derive the wave
functions of the longitudinal and the transverse motion. The former function is a plane wave. The
wave function of the transverse motion is a one dimensional wave packet representing a super-
position of components with various values of the particles transverse momentum. The particles
transverse momentum distribution in an interferometer is time independent and is determined by
the aperture wave function. Consequently, it is independent of the distance from the slits. As such,
it is a very important characteristic of the quantum state. Experimental determination of the mo-
mentum distribution would support the particle and wave interpretation of quantum interference
in a new manner.
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I. Introduction A

Double and multiple slit experiments with massive
particles, like the neutron experiment of Zeilinger et I I

al. [1], the electron experiment of Tonomura et al. [2], , Pey) = 7,

the sodium atom experiment of Keith et al. [3], the / T sR P(xy)
helium atom experiments of Carnal and Mlynek [4] > a 7 >
and of Kurtsiefer et al. [5], the Cg molecule exper- 0 lA y
iment of Arndt et al. [6] and the similar experiment 8y

with photons [7] clearly show that electrons, neutrons,
atoms, molecules and photons act as both waves and
particles [8]. But, the clear understanding of the re-
lation between wave and particle properties is still
lacking [9].

Classical interference experiments were interpre-
ted as demonstrating wave properties of quantons.
In the new generation of experiments, in addition to
the wave aspect, the particle aspect has been demon-
strated, too. Time evolution of the interference pat-
tern [2], or the time of arrival of particles to the de-
tector [4, 10], are essential features of the new inter-

Fig. 1. Illustration of the geometry for the Fresnel-Kirchhoff
diffraction formula (4).
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where the initial state is a wave packet which describes
particles arriving at the slits. These solutions have
to satisfy the appropriate boundary conditions at the
border between regions I and II (Figure 1).

ference experiments. Thus, it is needed to determine
and to study the nonstationary solutions ¥(z, v, t) of
the Schrodinger equation in an interferometer

In the search for a general time dependent solution
of the two-dimensional problem, as an intermediate
step, we determine the nonstationary solution of the
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(one-dimensional) transverse motion behind the slits,
Py(z, t). The longitudinal motion in front and behind
the slits we describe by a plane wave e?¥/", where
U= vfy is the initial particle longitudinal velocity and
p=mu.

II. Time Dependent Wave Function of the
Transverse Motion

Let us denote the stationary solution of (1) by
U(x,y,t) = e“lo(x,y), where p(z,y) satisfies the
Helmholtz equation

B2, P 2

s (ﬁ + 51?)80(-@ y) =hwe(z,y), (2)

and the appropriate boundary conditions. We shall

derive the function ¥ (z, t) from p(z, y) by general-

izing the method apllied in [5] to determine | (z, t)|

from |@(z, y = vt)|, where iw = mv? /2. The method
is based on the definition

lork(z, y = vt)|?
[ dz|prk(z,y = vt)|?

[Yulz, t)|* = 3)

where @k (z, y) is the solution of (1) in the Fresnel-
Kirchhoff form [11, 12]

€
@FK(I y) —_,——a Y S 07 (43)

ika
1A e / da
(4b)

Here s = \/y? +(z' — z)?,cosx =y/s, A =2n/k =
h/p, A is a constant while A = {2'; —(A/2) -6 <
x' < —(A/2)} when one slit is open and other is
closed, and A = {2'; (A/2) < 2" < (A/2)+ 6 or
—(A/2) =6 < ' < —(A/2)} when the two slits are
open. It is assumed that the distance a of the double-
slit screen from the source P is very large compared
to the width of the slits (see Figure 1).

The function |(z, t)|* defined by (3) is presented
graphically in Figs. 2 and 3 for one and two open
slits, respectively. In Figs.2 and 3 one clearly sees
the Fresnel (near field) region and the Fraunhofer (far
field) region. The interferometer parameters are cho-
sen from the atom interference experiment of [5, 10].
Itis important to point out that in this work the relation

ork(z,y) =

0.11y/[mm]
P N i
/ b0 10 0 10 \/2‘6 120

Woer(z, D7 [ ]
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Fig. 2. The function |ty (x, t)|* for a particle of mass m =
6.6432 - 107%" kg (He atom) behind the single slit (6 =
1 um). The function was evaluated from (3) and from (9),
where ¢(p. ) is given in (12a). The curves obtained in these
two ways are indistinguishable. For the evaluation from (3)
it is necessary to specify also the longitudinal velocity v
(or the de Broglies wave vector k). We choosed the value
k=4r-10"m™" (v =hk/m = 1995.58 m/s). This value
is unnecessary for the evaluation from (9), but the value of
v is necessary to establish the correspondance between the
t- and y axis.
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Fig. 3. The function |(z, t)|* behind the double slit (6 =
1 pm, A = 7 um) evaluated from (3) and from (9), where
c(p) is given in (12b). The curves obtained in these two
ways are indistinguishable. The parameters are the same as
in Figure 2.

y = vt is essential. First, it was used in (3). Second, it
was used in the measurement of | (z, t)|?, which is
independent of v. Due to the large spread of atomic
initial velocities, their time of arrival (t = y/v) to a
point (z, y) takes different values in a large interval.
By measuring the atomic time of arrival at various
points on the line parallel to slits, at the fixed distance
y, the authors were able to measure [, (z, t)|%.

Our method of deriving ¥ (z, t) from (z,y) is
based on a different form of the solution of the
Helmholtz equation. This form is a linear superpo-
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sition of eigenfunctions e*?+%/* and e*V P=py/h of
momenta p, and p,, respectively. It is straightforward
to verify that the function

o(x,y) = AePV/ 4 <0, Q)

\/p*—p -y/ﬁ’

y >0,

1 +00 . .
2= o= [ dpecparereine
P = Toan o PP

satisfies the Helmholtz equation. Here p = muv,
p*/2m = [p% + p}]/2m = hw, A is a constant and
¢(pz) is an arbitrary function. The arbitrariness of
c(p.) is removed, after imposing the normalization
condition [** dp.|c(p,)|* = 1 and the boundary con-
dition

1/V6, —(A]2) > z > —(A/2) - 6,

0, all other values of x

o(z,0) = { (6a)

for one open slit, and

1/V26, —(A/2) > = > —(A/2) - §,
1/V26,(A/2)+6 >z > (A/2), (6b)

0, all other values of x

o(z,0) =

for two open slits.
Let us assume that c(p.) tends to zero when
p:/p < 1 is violated. Using the approximation
2
VPP —-pi = p-— ’2’—;, the function p(z,y) in (5) is
easily transformed to the form

1 . +00 .
P(@,y) = —— gk / dp, c(p,)e?==/"
(e

—00

TPy >0, (7)

By substituting the latter form into ¥(z,y,?) =
e*“tp(x,y) we obtain

1 . ,
Ep(l', v, t) — me—lwtelpy/ﬁ (8)

+00
[ dpecpaeree sy > 0

The first two terms represent a plane wave which
propagates along the y axis. The second term (the
integral) depends on y and z. Now we invoke wave
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particly duality and start to think about a particle sur-
rounded by the wave of (8). Its form suggests that a
particle arriving to the slits continues to move with
longitudinal momentum p = muv along y-axis. But
there is a probability density c(p,) that it aquires a
value p, of the transverse momentum. So, its motion
(evolution) along the z axis is nonstationary and it
is described by a nonstationary solution of the Schro-
dinger equation. We derive the wave function ¥ (x, t)
from (7) by substituting the value y = vt of the parti-
cle’s y-coordinate at time ¢ in the integral. So,

] +00 . .
Yulz,t) = W / dp, c(py)eP==/Me=iwst  (9)
y=uvt,y >0,

where w, = p? /2mh naturally arises from p2 y/ 2ph =
p2ot/2ph = p2t/2hm.

We see that 9y.(x, t) has the form of the general so-
lution of the one-dimensional Schrodinger equation
for a free quanton. The functions ¢(z,y = vt) and
Yy, t) satisfy the (3), used in [5, 10] to determine
|Yer(, 1)|* from |p(z,y = vt)|*>. The method used
here to determine v.(z, t) from p(z, y) is a general-
ization of the method [5, 10] based on the Fresnel-
Kirchhoff integral. This is because the wave function
itself has been determined here, while in [5, 10] only
its modulus square was determined.

By evaluating the function |(z, t)|* given in (9),
identical graphs are obtained with the graphs obtained
from the Fresnel-Kirchhoff integral and presented in
Figs. 2 and 3. From this fact we conclude that the
function [¢y(z,t)|* defined in (9) and the function
lork(z,y = vt)|*/ [ dz|pex(z,y = vt)|* are identi-
cal. However, we have not yet found a general proof
of that fact.

III. The Wave Function of the Transverse Motion
in the Momentum Representation

The function ¢(p.) in the state ¥ (x,t) is deter-
mined by the boundary condition of (6):

1 +00 4
@0 = —— / dp, c(p)e® /. (10)

From the latter condition follows

1 og ‘
c(pz) = —— dz o(z, 0)eP==/" (11
0)=—= [ dep@0) an
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Fig. 4. The particles transverse momentum distributions
|e(p=)|* behind the (a) single slit and (b) double slit. They are
evaluated by performing the Fourier transform of ¢rx(z, y)
(for various fixed values of y) and from (12a) and (12b),
respectively. The curves obtained from the two methods
are indistinguishable. The parameters are the same as in
Figure 2.

By substituting the functions ¢(z, 0) given in (6), one
finds

\/_eip,,(AHS)/Zh

c(pz) = V2h—————sin(p,6/2h 12a
(P2) ooTnd (p20/2h)  (12a)
for one open slit and

c(py) = ﬂ sin(p, 6 /2Rh) - cos p.(A+6)/2h (12b)

PV

for two open slits. We see that ¢(p,) is independent of
the initial longitudinal momentum and independent
of the coordinate y. Consequently, the wave function
Y- (z, t) of the transverse motion is also independent
of the initial longitudinal momentum. We want to
point out that 9;,.(z, t) is determined assuming that
c(p.) is negligible when p, < p is violated.

The function C(p,,t) = c(py)e =t is a wave
function of the transverse motion in the momen-
tum representation. Its modulus square |C(p,, t)|* =
|e(p2)|? is a probability density of the particles trans-
verse momentum in an interferometer. The momen-
tum distributions |c(p,)|? for one and two open slits
are given in Figure 4. By comparing these two mo-
mentum distributions, one concludes that the presence
of the second slit influences the transverse momentum
of each atom, independent of the slit through which
it has passed to region II. Certain values of the parti-
cle’s transverse momentum, which are allowed with
one slit, are not allowed when both slits are open.

IV. Conclusion — Compatibility of Wave and
Particle Properties

One of the key statements in [12] is: the field
distribution in the Fraunhofer diffraction pattern is
the Fourier transform of the field distribution across
the aperture (i. e. the aperture function). The state-
ment follows from the Fresnel-Kirchhoff solution (4)
of the Helmholtz equation using the approximation
s =~y — zz'/y, which is valid very far from the slits
[11, 12]. Then, the function pgk(z, y) takes the form

A eika eiky

i@ y) % = da’ e~y (13)

a Y Ja
y very large.

By introducing the apperture function, which is pro-
portional to ¢(z’, 0), the latter equation is generalized
to the equation

D(y) [

o(a,y) ~ E dI’(,O(JI’,O)e_ikmz’/y, (14)

y very large,

where D(y) is a function of y. Based on this expres-
sion, d p(x, y) at a given point P with coordinate z, y
is envisioned as if it were a plane wave propagating
in the direction connecting a point P with the origin
O (Fig. 1) and having an amplitude determined by
p(z',0)dz’. For each point on the image line, there
is a corresponding spatial frequency (component of a
wave vector) K, = kx [y [12] so that
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D(y) e / ’ —iK,z'
xT,Y) = — dz'p(x’,y =0)e ="
o, y) Jor ) @',y =0)
= D(y)F(K.), y very large. (15)

Therefore, very far from the slits the field distribu-
tion ¢(z,y) is proportional to the Fourier transform
F of the wave field accross the aperture.

By comparing (11) and (15) we see that the func-
tions ¢(p,) and F(K ) are identical up to a propor-
tionality constant. Their arguments p, and K, re-
spectively, have different physical meaning. This dif-
ference reflects the difference of the physical picture
behind the functions ¢(p.) and F(K ). The function
¢(p.) is a function of a particle’s momentum. Its mod-
ulus square |c(p,)|* = |C(p., t)|* is a probability
density of the particles transverse momentum in an
interferometer. F(K,) is a function of a wave vec-
tor K, = kz/y. F(K ) expresses the wave character
of the quantum wave function and c(p,) expresses
the particle character of a wave function. It is a very
important characteristic of the quantum state which
does not depend on the y-coordinate that is the dis-
tance from the slit.
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